
AIAA JOURNAL
Vol. 35, No. 11, November 1997

Quantitative Prediction of Thermomechanical Coupling Effect
in Thermo–Elasto–Viscoplastic Composite Materials

Eui-Sup Shin¤ and Seung-Jo Kim†

Seoul National University, Kwanak-Ku, Seoul 151-742, Republic of Korea

Thermo–elasto–viscoplastic analyses are performed to view the thermomechanical coupling effect in compos-
ite materials subjected to quasistatic and dynamic loads. An unmixing-mixing scheme is utilized to describe the
thermo–elasto–viscoplastic characteristics of orthotropic composites. The equation of motion and the energy con-
servation equation based on fully coupled thermomechanics are formulated with constitutive arrangement by the
unmixing–mixing concept. By considering some auxiliary conditions, the initial-boundary value problem is com-
pletely set up. In computational aspects, the governing equations are reformulated with the � nite element method,
and then the time marching techniques � t for the full discretization are applied. To solve the ultimate nonlinear
equations, the successive iteration algorithm is constructed with a subincrementing technique. Finally, numerical
examples are presented to show the fundamental trends of the thermo–elasto–viscoplastic behavior of composite
laminates. The progress of viscoplastic deformation and the temperature change owing to the coupling effect are
carefully examined when the composite laminates are subjected to repeated cyclic loading.

Nomenclature
A = elastic compliance tensor
B; C; D = fourth-order tensors in the unmixing–mixing

equations
[B] = interpolationmatrix for strain or temperature

gradient
[H ] = interpolationmatrix for displacement or

temperature
S = deviatoric stress tensor
t = traction vector
fU g = nodal point displacement
Z = internal state variable
® = thermal expansion tensor
¯ = second-order tensor in the unmixing–mixing

equations
· = thermal conductivity tensor
f2g = nodal point temperature
µ; µ0 = current temperature and base temperature
µC = temperature change .µ ¡ µ0/
» = dissipation factor of viscoplastic work
.P/; . R / = time derivatives

Subscripts

[ f ]; [m]; [m i ] = � ber, matrix, and i th matrix partition
U; 2 = variable related to displacement or temperature

Superscripts

.i/; .i C 1/ = iteration indices (left-hand side)
p = viscoplastic component
t ; t C 1t = current and following time (left-hand side)

Introduction

C OMPOSITE materials have been used successfully in severe
mechanical and/or thermal environmentfor various aerospace

applications.1 Recently, for example, the interest in hypersonic
vehicles has brought attention to advanced materials because
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structuralcomponentsareoperatedunderextremelysevereaerother-
mal conditions.2 It is known that thermoplastic and metal–matrix
composites may experience an appreciable amount of viscoplastic
deformation, especially at high temperatures.

In general, the inherent anisotropy of composites increases the
dif� culty in describing the viscoplasticdeformation.To date, many
kinds of constitutive theories have been suggested to simulate the
viscoplasticresponse of the anisotropicmaterials.Most of the theo-
ries were modi� ed and extendedfrom the classicalplasticitymodels
or the uni� ed viscoplastic models for isotropic materials by intro-
ducing macroscopic composite mechanics.3¡7 On the other hand,
there have been several efforts made based on micromechanics,
which predicts the overall behavior of composite from the indi-
vidual properties of constituent materials.8¡12 Recently, Kim and
Cho11 and Kim and Shin12 proposed an unmixing–mixing concept
and considered a general procedure to systematically analyze the
viscoplastic behavior of composites. The scheme was extended by
the multipartite matrix method, which enables one to handle some
microstructural effect due to heterogeneity.12

To accurately solve the complex thermomechanicalproblems, in
principle, all of the governing equations in continuum mechanics
must be solved simultaneously because the mechanical � elds and
the thermodynamic � elds are coupled interactively. Accordingly,
as summarized in Table 1, there are three types of mathematical
formulation that dependon the treatmentof thermomechanical� eld
variables.

It is recognized that the coupling between mechanics and ther-
modynamics has a weak effect on the behavior of elastic materials,
and one-way coupled formulation is suf� cient for the thermoelas-
tic problems. But the coupling effect is not always negligible for
viscoplastic materials, especially when the materials are used re-
peatedly under cyclic loads. With the development of viscoplastic
deformation, generally, a certain portion of mechanical energy is
converted to heat, thus resulting in an irreversible rise in temper-
ature. As a result, mechanical variables such as displacement and
stress are also changed interactively.Until now, numerical analyses
with the fully coupled formulation have been performed by several
researchers.13¡19 However, to theauthors’knowledge,thenumerical
results were limited to isotropic materials. Therefore, the quantita-
tive prediction of thermomechanicalcoupling effect in viscoplastic
composites is necessary to accurately analyze the behavior of com-
posite structures operated under intense surrounding conditions.

In this paper, the � nite element formulation that enables the fully
coupled thermomechanical analysis is presented. The unmixing–

mixing scheme is adopted to represent the constitutive relationship
of orthotropic composites. The equation of motion and the energy
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Table 1 Three types of thermomechanical formulation
in continuum mechanics

Coupling type
Mechanical � elds (interrelation) Thermodynamic � elds

Stress, strain, 1) Uncoupled .£/ Temperature, heat
viscoplastic strain, 2) One-way coupled ( CC) � ux, energy,
displacement, etc. 3) Fully coupled (

C
!ÃC) entropy, etc.

Fig. 1 Geometric con� guration of a composite laminateand its bound-
aries.

conservationequationare considered,togetherwith the constitutive
arrangementby the unmixing–mixing concept.By consideringaux-
iliary conditions, the initial-boundaryvalue problem is completely
set up. In computational aspects, the governing equations are re-
formulated with the � nite element method. The derived nonlinear
equations are fully discretized in incremental forms. As a numeri-
cal study, a series of analyses are performed with the focus on the
coupling effect in the metal matrix composite. The developmentof
viscoplasticdeformation, the stress–strain relation, and the temper-
ature change are carefully examined when the composite laminates
are cyclically subjected to static and dynamic loads.

Governing Equations with Auxiliary Conditions
The governing equations are brie� y summarized in tensor nota-

tion. As shown in Fig. 1, the thin laminates, which in� nitesimally
deform in a plane, are treated.

1) Equation of motion:

r ¢ ¾ C Nf D ½ Ru .1/

2) Energy conservationequation:

½cv
PµC D ¡µ® : A¡1 : . P" ¡ P"p/ C »¾ : P"p C r ¢ .x ¢ r µC/ .2/

By applying the principles of thermodynamics (energy conserva-
tion and entropy production),20 Eqs. (2) are derived for a class of
viscoplastic composites. The terms on the right-hand side are the
contributionto thermal energyby the reversiblethermoelasticdefor-
mation, thedissipativeviscoplasticdeformation,and the irreversible
heat conduction, respectively.

3) Strain-displacementrelation:

" D 1
2 [ r ¢ u C . r ¢ u/T ] .3/

4) Constitutive equation; unmixing–mixing scheme:

P" D A P¾ C ® PµC C P"p (4)

P"p D
NX

k D 1

B[m k ] P"p
[mk ] (5)

P¾[ f ] D C[ f ] P¾ C ¯[ f ]
PµC C

NX

k D 1

D[ fk ] P"p
[m k ] (6)

P¾[m i ] D C[m i ] P¾ C ¯[m]
PµC C

NX

k D 1

D[m ik ] P"p
[mk ] (7)

which are the extendedunmixing–mixing equations11;12; that is, the
strain rate equation, the overallviscoplastic� ow law, the � ber stress
equation, and the matrix stress equation.

Tensor B in Eq. (5) relates the viscoplastic deformation of the
i th matrix to the overall viscoplastic response of the composite by
linear transformation.In other words, Eq. (6) means that the overall
plastic strain rate is contributedby the viscoplasticstrain rate of each
matrix partition in the micromechanicalmodel,12 which consists of
one � ber and neighboring matrix. Tensor B is expressed in matrix
form in the Appendix. Three terms on the right-hand side of Eq. (6)
or (7) stand for the correspondingmicrostress,which is the stress of
the � ber in the micromechanicalmodel, contributed from the over-
all loading, the thermal expansion, and the matrix viscoplasticity,
respectively. The deformed state in the matrix is represented with
a set of variables for the N parts of the matrix. The tensors can be
representedby matrix notationsin theprincipalmaterial coordinates
(see the Appendix).

5) Constitutive equation; Bodner–Partom theory:

P"p
[m i ] D

D0p
J[m i ]2

exp

"
¡1

2

³
Z 2

[m i ]

3J[m i ]2

ń#
S[m i ] (8)

S[m i ]
defD ¾[m i ] ¡ 1

3 tr
¡
¾[m i ]

¢
1 (9)

J[m i ]2
defD 1

2 S[m i ] : S[m i ] (10)

PZ [m i ] D m1

¡
Z1 ¡ Z [m i ]

¢
¾[m i ] : P"p

[m i ] ¡ A1 Z1

³
Z [m i ] ¡ Z2

Z1

´r1

(11)

Any isotropicviscoplastictheory may be applied as the viscoplastic
modelof thematrix.Here, theconstitutiverelationproposedbyBod-
ner and Partom is adopted.21 The summarized expression consists
of the � ow law and the evolutionequation of internal state variable.
In Eqs. (8–11), D0; Z1; Z2; m1; A1; r1, and n are the viscoplastic
constants of the matrix.

The detailed information on unknowns and equations is listed in
Table 2. By prescribing auxiliary conditions together, the initial-
boundary value problem is completely de� ned. The initial condi-
tions are as follows.

1) Initial condition;macromechanicalvariables:

¾jt D 0 D 0; "jt D 0 D 0; "p jt D 0 D 0 (12)

ujt D 0 D 0; Pujt D 0 D 0; µCjtD0 D 0 (13)

2) Initial condition;micromechanical variables:

Z [m i ]

­­
t D 0

D Z0; other variables D 0 .14/

The boundary conditions are as follows.
1) Displacement boundary condition on 0U :

u D Nu .15/

2) Traction boundary condition on 0F :

n ¢ ¾ D Nt .16/

3) Temperature boundary condition on 02:

µC D NµC .17/

4) Adiabatic boundary condition on 0A:

.x ¢ r µC/ ¢ n D 0 .18/

Finite Element Formulation
Equation of Motion

Variationalformulationstartingfromgoverningdifferentialequa-
tions is performedto solve the fully coupledproblems.The principle
of virtual work is applied to the equilibrium state with the virtual
displacement, which vanishes on 0U ,
Z

Ä

. r ¢ ¾ C Nf ¡ ½ Ru/ ¢ ±u dÄ ¡
Z

0F

.n ¢ ¾ ¡ Nt / ¢ ±u d0F D 0 .19/
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Table 2 List of unknowns and equations in a thermomechanical problem

Number of unknowns Equation name Equation no. No. of equations

Macrolevel variable Equation of motion (1) 2
Stress tensor 3 Energy conservation equation (2) 1
Strain tensor 3 Strain-displacement relation (3) 3
Displacement vector 2 Constitutive relation (unmixing–

Temperature 1 mixing scheme)
Viscoplastic strain tensor 3 Strain rate equation (4) 3

Microlevel variable Viscoplastic � ow law (5) 3
Fiber stress tensor 3 Fiber stress equation (6) 3
Matrix stress tensor N £ 3 Matrix stress equation (7) N £ 3
Matrix deviatoric stress tensor N £ 4 Constitutive equation (Bodner–
Matrix viscoplastic strain tensor N £ 3 Partom theory)
Matrix deviatoric stress invariant N Flow law and kinetic equation (8) N £ 3
Matrix internal state variable N Deviatoric stress de� nition (9) N £ 4

Stress invariant de� nition (10) N
Evolution equation (11) N

15 C N £ 12 15 C N £ 12

The displacementand the temperatureare spatiallyinterpolatedwith
the isoparametric � nite elements:

»
u.x; yI t/

v.x; yI t/

¼
D [HU .x; y/]fU .t/g (20)

8
><

>:

"x .x; yI t/

"y.x; yI t/

°xy .x; yI t/

9
>=

>;
D [BU .x; y/]fU .t/g (21)

µC.x; yI t/ D [H2.x; y/]f2.t/g (22)
8
>><

>>:

@µC

@x
.x; yI t/

@µC

@y
.x; yI t/

9
>>=

>>;
D [B2.x; y/]f2.t/g (23)

By using the divergence theorem, the semidiscretized form of the
equation of motion can be derived as follows:

[MU ]f RU g C fFU g ¡ fRU g D f0g .24/

where

[MU ]
defD

Z

Ä

½[HU ]T [HU ] dÄ (25)

fFU g defD
Z

Ä

[BU ]T f¾ g dÄ (26)

fRU g defD
Z

Ä

[HU ]T f Nf g dÄ C
Z

0F

[HU ]T fNtg d0F (27)

To obtain a fully discretized approximation, the Newmark integra-
tion (constant average acceleration) method22 is applied to Eq. (24):

.[KU ] C .4=1t 2/[MU ]/f1U g D
©

t C 1t RU

ª
¡

©
t FU

ª

C [A2]f12g C f1PU g C [MU ]..4=1t/ft PU g C ft RU g/ (28)

where

[KU ]
defD

Z

Ä

[BU ]T [A]¡1[BU ] dÄ (29)

[A2]
defD

Z

Ä

[BU ]T [A]¡1f®g[H2] dÄ (30)

f1PU g defD
Z

Ä

[BU ]T [A]¡1f1"pg dÄ (31)

f1" pg defD
Z t C 1t

t

fP"P g d¿ (32)

Note that the temperaturevector is a secondaryindependentvariable
in the preceding equations.

Energy Conservation Equation
Next, the Galerkin method13 is used for the restatement of the

energy conservationequation in governing equation (2):
Z

Ä

½cv
PµC±µ dÄ ¡

Z

Ä

r ¢ .x ¢ r µC/±µ dÄ

D ¡
Z

Ä

µ® : A¡1 : . P" ¡ P"p/±µ dÄ C
Z

Ä

»¾ : P"p±µ dÄ (33)

Through theprocedureof � niteelementdiscretization,the following
is obtained:

[M2]f P2g C [K2]f2g D f PE2g C f PP2g .34/

where

[M2]
defD

Z

Ä

½cv [H2]T [H2] dÄ (35)

[K2]
defD

Z

Ä

[B2]T [x][B2] dÄ (36)

f PE2g defD ¡
Z

Ä

µ [H2]T f®gT [A]¡1.fP"g ¡ fP" pg/ dÄ (37)

f PP2g defD
Z

Ä

» [H2]T f¾ gT f" pg dÄ (38)

Equation (34) is fully discretized with the Crank–Nicolson
technique23 in a time domain:

.[M2] C .1t=2/[K2]/f12g D f1E2g C f1P2g ¡ 1t[K2]ft 2g
(39)

where

f1E2g defD ¡
Z

Ä

[H2]T f®gT [A]¡1f1Q"g dÄ (40)

f1P2g defD
Z

Ä

» [H2]T f1w pg dÄ (41)

f1Q"g defD
Z t C 1t

t
µ .fP"g ¡ fP" pg/ d¿ (42)

f1w pg defD
Z t C 1t

t

f¾ gT fP" pg d¿ (43)

ComputationalAlgorithm
The resulting equations [Eqs. (28) and (39)] are nonlinear with

the fully coupled terms. Therefore, the incremental solutions f1U g
and f12g are obtained through an iteration process. Fast conver-
gencedependslargelyon how accuratelythe nonlinearterms in Eqs.
(32), (42), and (43) are calculated. Because of the numerically stiff
phenomenon of the viscoplastic rate equations, a subincrementing
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technique is adoptedat each Gauss integrationpoint.24 The compu-
tational algorithm for the � nite element code is as follows.

1) Initialize all of the variables at t D 0, and determine 1t .
2) Apply the load increment, and start the iteration stage with

i D 0.
3) Assemble the matrices in Eq. (28), and solve it to obtain

f.iC1/1U g.
4) Calculate the nonlinear terms in the energy conservationequa-

tion by the subincrementing technique:

©
.i/1Q"

ª
D

Z t C 1t

t

.i/µ
¡©

.i / P"
ª

¡
©

.i / P" p
ª¢

d¿ (44)

©
.i/1w p

ª
D

Z t C 1t

t

©
.i/¾

ªT ©
.i / P" p

ª
d¿ (45)

5) Assemble the matrices in Eq. (39), and solve it to obtain
f.iC1/12g.

6) Calculate the nonlinear term in the equation of motion by the
subincrementing technique:

©
.i /1" p

ª
D

Z t C 1t

t

©
.i/ P" p

ª
d¿ .46/

7) Check the convergence criteria with the relative errors:
©

.i C 1/1U
ª

¡
©

.i/1U
ª

©
.i C 1/1U

ª · Etol U (47)

©
.i C 1/12

ª
¡

©
.i/12

ª
©

.i C 1/12
ª · Etol 2 (48)

8) If it converges,update all of the variables to the current values.
Return to step 2.

9) If it diverges, increase the iteration index i by one. Return to
step 3.

With a slight modi� cation, this algorithmcan be applied to other
problems. For example, if steps 4 and 5 are skipped, the uncoupled
structuralanalysis can be performed.And by neglectingsteps 3 and
6, the equationof unsteadyheat conductionfor composite laminates
can be solved.

Numerical Results and Discussion
Material System

The metal matrix composite, silicon–carbide � ber, titanium alloy
matrix (SCS-6/Ti-15-3), is selected as the standard material sys-
tem in numerical analyses. The material properties are chosen at
a high temperature, 815±C. The � ber volume fraction is 0.6, and
the unmixing–mixing model has one part of � ber and two parts of
matrix .V[m1] D 0:3; V[m2] D 0:1/. The material constants for the
respective phases and the overall composite are listed in Ref. 19.

Nonuniform Field Problem; Quasistatics
The initial-boundaryvalue problems with nonuniform � eld vari-

ables are examinedwith the developedcomputer code. As shown in
Fig. 2, the square laminatehas lengtha, and the hole is located in the

Fig. 2 Con� guration of the composite laminate with a hole.

Fig. 3 Time history of cyclic loading applied to a composite laminate.

center with the radius R. The stacking sequence of the composite
laminate is [0=§45=90]s , and the traction loads are along the x axis.
Considering the geometric and material symmetry, a quarter of the
laminate is discretized by 1680 triangular � nite elements.

The applied traction force at each side is tension,unloading,com-
pression, and unloading (T; U; C; U ) during tc for one cycle, as
shown in Fig. 3. The upper bound of the cyclic load is 225 MPa
and the lower bound ¡225 MPa. The traction force is successively
loadedup to the20thcycle.A totalof � ve examples(STAT1–STAT5)
are tested to compare the fully coupled quasistatic solutions with
each other. The size of the laminate is a D 4:0 m and R D 1:0 m
in STAT1–STAT3, a D 0:4 m and R D 0:1 m in STAT4, and
a D 0:04 m and R D 0:01 m in STAT5. In addition, the load period
tc is different in each case. STAT1, STAT4, and STAT5 have a 4-s
period. The period is 40 s in STAT2 and 400 s in STAT3.

Contour maps are drawn to view the distribution of viscoplastic
work accumulated in the laminae. Figure 4 is the result of the de-
veloped work during 0–1 s; therefore, the tension load is applied
in the � rst cycle of STAT1. The maximum value is predicted at the
upper boundary of the hole in the 90-deg ply. Note that the dissi-
pated viscoplastic work is one measure of the heating effect due to
thermomechanical coupling. It is expected that the coupling effect
may become apparent around the upper boundary of the hole.

To examine the thermomechanical coupling effect, the tempera-
ture changes from the base temperature µ0 are predicted at a bound-
ary point during the � rst four cycles. In Fig. 5, the cycle number is
a dimensionless parameter of the current time t with reference to
tc. Because the laminates deform viscoplasticallyaround the point,
the upper bounds of temperature values increase gradually, except
in STAT5.

Figure 6 shows the distribution of the temperature change µC
along the hole boundary. It can be seen that the patterns of the tem-
perature distribution are different for each problem. They depend
mainly on the heat conductionterm in the energyconservationequa-
tion. If the load is applied at a higher rate, the viscoplasticwork will
be accumulatedon a local area with less heat conduction.Therefore,
the local heating effect lasts as in STAT1 or STAT2. The maximum
temperaturechange is about30±C after 20 cycles.When the number
of repeated cycles is increased, the heating effect will be consider-
able. In contrast to these cases, the heating effect is relatively weak
in STAT3 becauseof slower loading.By comparingSTAT1, STAT4,
and STAT5, one can see that the laminate size also plays an impor-
tant role (keepingin mind that the conductionterm is expressedwith
the second spatial derivatives). The coupling effect is negligible for
a small laminate as in STAT5 because the thermal energy easily
spreads to the surrounding.

Nonuniform Field Problem: Dynamics
When tc has the same order as the fundamental period tn for

the initial elastic state of the composite laminate, dynamic analyses
must be performed including the inertia term. As shown in Fig. 7,
consider a laminate supported by rigid walls with the dimensions
a D 1:0 m, b D 0:09 m, and h D 0:01 m. The stacking sequence is
[0= § 45=90]s . Only the right half is discretizedwith 480 triangular
elements. The point force is cyclically applied with the range of
§Pmax , as shown in Fig. 7.

The fundamentalperiod tn can be determined by solving the gen-
eralized eigenvalue problem of the free vibration for the elastic
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Fig. 4 Developed viscoplastic work during 0–1 s (1st cycle); STAT1.

Fig. 5 Temperature change vs cycle number (t/tc ) up to the fourth cycle
at (r; ¸) = (R; 90 deg); STAT1–STAT5.

deformation. For that purpose, Eq. (24) is reduced to the following
form:

[KU ]fÁg D !2[MU ]fÁg .49/

Because only the lower modes need to be checked, the naturalmode
shapes for the four modes are shown in Fig. 8 with their periods
2¼=!. Note that the fundamental period tn is equal to 1.566 ms.

Two examples (DYNA1 and DYNA2) are solved to show the
coupled dynamic behavior of the viscoplastic composite. Because
the fundamental mode is important in this case, tc is changed with
reference to tn . In DYNA1, the load cycle tc is 7.831 ms, � ve times

Fig. 6 Distribution of temperature change at t/tc = 3:75 and 19.75
(max. compression); STAT1–STAT5.

Fig. 7 Con� guration of the composite laminate supported by rigid
walls.
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Fig. 8 Natural mode shapes and periods of the composite laminate.

Fig. 9 De� ection vs cycle number (t/tc ) up to the 10th cycle at (x; y) =
(0; 0); DYNA1.

Fig. 10 Developed viscoplastic work at t = 100tc; DYNA1.

that of the tn , with Pmax D 195:8 kN. In DYNA2, the tc is equal
to tn with Pmax D 35:24 kN. In numerical experiments, the relative
errors for the convergence are � xed to 0.02%, and the subdivision
number for the subincrementing technique is 100.

DYNA1 results are presented in Figs. 9–12. In Fig. 9, the de� ec-
tion at the center of laminate is plotted with the cycle number. In
the � gures, T.E. is thermo–elasticity,and T.E.VP. is thermo–elasto–

viscoplasticity.The curve of quasistatic (Q) T.E.VP. is also drawn
to observe the characteristics of dynamic (D) T.E.VP. The de� ec-
tion curveof Q.T.E.VP. linearly increasesor decreaseswith constant
amplitude, which implies that no viscoplastic deformation occurs.
The result of D.T.E. means that the de� ection steadilygrows mainly
due to the component of the � rst natural mode (the component of
the � rst mode oscillatesabout � ve times per cycle). But the curve of
D.T.E.VP. is in contrast to these curves. Though the difference be-
tween them is not obviousat the initial stage, the differencebecomes
outstandingafter the third cycle as the viscoplasticdeformationde-
velops.Note that the viscoplasticdeformationprovidesthe sourceof
damping in the thermomechanicalsystem, so the rangeof de� ection
is con� ned within about 0.01 m.

To visualize the viscoplastic deformation in the laminate (as
shown in Fig. 10), the contour maps of viscoplastic work per unit
volume are drawn at t D tc and 10tc . A considerable amount of the
irreversiblework is developedin the upper and the lower area of the
center and the right boundaries, mainly because the normal stress

Fig. 11 Temperature change vs cycle number (t/tc ) up to the 10th cycle
at (x; y) = (a/2; ¡ b/2); DYNA1.

Fig. 12 Temperature change vs cycle number (t/tc ) up to the 10th cycle
at (x; y) = (a/2; ¡ b/2); DYNA2.

¾x is large in those regions. The other parts of the laminate deform
elastically. The viscoplastic deformation dissipates mechanical en-
ergy into thermal energy, so that the dynamic motionof the laminate
does not diverge.

The response of temperature change due to the coupling effect
is shown in Fig. 11. The result of D.T.E. shows that the phases of
heating and cooling are repeated proportionally to the de� ection
without any viscoplastic effect. The heating effect is serious in the
D.T.E.VP. case. The maximum temperature change is about 30±C
in the 10th cycle. This con� rms that, to constrain a divergent mo-
tion, viscoplastic work is transformed to thermal energy, which is
accumulated in the insulated system.

Finally, the temperature responseof DYNA2 is plotted in Fig. 12.
As expected, the coupling effect is noticeable for the D.T.E.VP.
curve. The maximum temperature rise is about 25±C after the 10
cycles.

Conclusions
We set up the � nite element formulation that enables thermo–

elasto–viscoplastic analyses for composite materials focusing on
the fully coupled thermomechanical situation. Through a series of
numerical tests, it is concluded that the heating effect due to the
irreversible viscoplastic work may be signi� cant depending on the
repeated cycles, the applied load levels, and the material properties.
In quasistatic nonuniform � eld problems, especially, the thermal
conduction in the energy equation can relieve the cyclic heating
effect. On the other hand, in a dynamic environment, the viscoplas-
tic work dissipates mechanical energy into thermal energy, which
acts as a damping mechanism. These numerical studies give some
guidelines for an analyst whether or not the fully coupled formu-
lation should be adopted to adequately simulate the behavior of
composite materials in a given thermomechanical environment.
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Appendix: Matrix Notations
Various tensors are expressed by matrices in the 1–2 coordi-

nates12;19:

f¾ g D b¾1 ¾2 ¿12cT ; f"g D b"1 "2 °12cT (A1)

[A] D

2

66666664

1
E1

¡º12

E1
0

¡º12

E1

1
E2

0

0 0
1

G12

3

77777775

(A2)

f®g D b®1 ®2 0cT (A3)

£
B[m i ]

¤
D V[m i ]

2

66664

E[m]

E1
0 0

q[m i ]2º[m ] ¡ º12
E[m ]

E1
q[m i ]2 0

0 0 q[m i ]12

3

77775
(A4)

£
C[ f ]

¤
D

2

6664

E[ f ]1

E1

V[m]

E1

¡
p[ f ]2º[ f ]12 E[m] ¡ p[m ]2º[m] E[ f ]1
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where p is the stress variation factor and q the strain contribution
factor.
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